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Abstract 

The aim of these notes is to elucidate some aspects of quantum field theory in curved 
spacetime, especially those relating to the notion of particles. A selection of issues relevant to 
wave-particle duality is given. The case of a generic curved spacetime is outlined. A Hamil- 
tonian formulation of quantum field theory in curved spacetime is elaborated for a preferred 
reference frame with a separated space metric (a static spacetime and a reductive synchronous 
reference frame). Applications: (1) Black hole. (2) The universe; the cosmological redshift is 
obtained in the context of quantum field theory. 
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Introduction 



One of the essential features of quantum phenomena is the wave-particle duality. It is explicitly 
represented both in quantum mechanics (eigenstates of coordinate and of momentum) and 
in quantum field theory in flat spacetime (annihilation/creation operators and field modes). 
Furthermore, in both theories, the notion of the Hamiltonian is substantial. However, the 
situation is different in quantum field theory in curved spacetime. As long as a generic curved 
spacetime is considered [1-8], the concepts of particles and of the Hamiltonian are inconsistent. 
The reason is that a generic spacetime has no global structure and, therefore, no preferred field 
modes and vacuum state. However, it is difficult to abandon such vital notions as particle and 
the Hamiltonian. 

In a generic curved spacetime, a Hamiltonian formulation of quantum field theory is inap- 
propriate [1], so a Lagrangian formulation is adopted [1-8]. The situation is different if there 
exists a preferred reference frame with a separated space metric: ds 2 = g^dx ) 2 + gijdx l dx\ 
where {—gij) is a Riemannian metric. Then a Hamiltonian formulation may be implemented. 
In [9,10], the scalar quantum field has been constructed in a special case of cosmic spacetime. 

There are two general cases with the above metric: a synchronous reference frame, where 
g 00 = 1, gij = gij(x°,(x 1 )); static spacetime, where goo = g 00 ((x 1 )), 9ij = 9ij{{ xl ))- In this 
paper, both cases are treated from a uniform point of view. 

The spin-0, 1, and 1/2 fields and the Hamiltonian are constructed out of annihilation and 
creation operators. In the case of free fields, there are no divergences. The construction fits 
into the customary pattern for flat spacetime. 

Applications to the universe and the Schwarzschild black hole are given. For the universe 
(specifically, in the FLRW model) the cosmological redshift is obtained in the context of quan- 
tum field theory. 

Some issues concerning interaction are considered. 

1 Wave-particle duality 

1.1 Wave-particle duality in quantum mechanics 

One of the most essential features of quantum phenomena is the wave-particle duality. We 
quote Bohm [11]: 

". . . Bohr wanted to make the wave-particle duality the starting point of the physical inter- 
pretation. 

. . . Bohr developed his conception of complementarity from the wave-particle duality. . . : 
There exist complementary properties — like position and momentum — and the exact measure- 
ment of one precludes the possibility of obtaining information of the other. Properties are not 
actualities; they are only possibilities for the physical system. These developments formed the 
basis of the so-called Copenhagen interpretation of quantum mechanics." 

The simplest quantum mechanical system is a zero-spin particle. Operators relating to the 
particle are constructed out of X (coordinate) and P (momentum), a state in the coordinate 
representation is the wave function ip(x). A measurement of the coordinate operator X would 
result in a state that has as its classical image a particle. On the other hand, the system in an 
eigenstate of the momentum operator P behaves like a wave. 
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1.2 Wave-particle duality in quantum field theory 

The simplest quantum field system is a scalar field. Operators relating to the field are con- 
structed out of the operator-valued distribution (p(x), x = {x^ : /i — 0, 1,2,3}, a (pure) state 
is represented by a vector of the Hilbert space, 
We quote Kuhlmann [12]: 

"Many of the creators of QFT can be found in one of the two camps regarding the question 
whether particles or fields should be given priority in understanding QFT. While Dirac, the 
later Heisenberg, Feynman, and Wheeler opted in favor of particles, Pauli, the early Heisenberg, 
Tomonaga, and Schwinger put fields first. . . " 

We have 

<p(x)=<p<- + \x) + <p<>-\x), y3W = v 3(±)t (1.2.1) 



in the Heisenberg picture 

where the space mode 

and the frequency 
The Hamiltonian is 



Y J ^=f m {x)e-'^ t a m (1.2.2) 



0« 

V - /2uJm 



Ux) = J= e ^ (1.2.3) 
V V 



" m = \^+^ (1-2-4) 
H = ^uj m a ] m a m (1.2.5) 



The wave aspect is represented by the modes f m (x)e~ lu}mt , the particle aspect by the a m , a\ n — 
in the sense of integrity, which is manifested in the annihilation and creation of particles. We 
quote Dirac [13]: 

"A fraction of a photon is never observed." 

Locality is represented by the transformation 



«m' = lm' m a m , F m = F m ( 7 ~ 1 ) m m (1.2.6) 

1 



= F m a m = F' m 'a ml , F m = -J=f me -^ (1.2.7) 



7 t 7 = 77 t = j (1.2.8) 

with a suitable 7. 

As to the role of annihilation/creation operators in quantum theory, we quote Weinberg 
[14]: 

". . . creation and annihilation operators were first encountered in the canonical quantization 
of the electromagnetic field and other fields. . . They provided a natural formalism for theories 
in which massive particles as well as photons can be produced and destroyed. . . 

However, there is a deeper reason for constructing the Hamiltonian out of creation and 
annihilation operators, which goes beyond the need to quantize any pre-existing field theory 
like electrodynamics, and has nothing to do with whether particles can actually be produced or 
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destroyed. The great advantage of this formalism is that if we express the Hamiltonian as a sum 
of products of creation and annihilation operators, with suitable non-singular coefficients, then 
the S- matrix will automatically satisfy a crucial physical requirement, the cluster decomposition 
principle, . . . which says in effect that distant experiments yield uncorrelated results. Indeed, it 
is for this reason that formalism of creation and annihilation operators is widely used in non- 
relativistic quantum statistical mechanics, where the number of particles is typically fixed. In 
relativistic quantum theories, the cluster decomposition principle plays a crucial part in making 
field theory inevitable." 
And Tung [15]: 

"(Connection Between Representations of Lorentz and Poincare Groups.) The c-number 
wave functions u a (p\)e ipx in the plane wave expansion. .. are the coefficient functions which 
connect the set of operators {a(p\)}, transforming as the irreducible unitary representation 
(m, s) of the Poincare group, to the set of field operators ^ a (x), transforming as certain finite 
dimensional non-unitary representation of the Lorentz group. 

To pursue this group theoretical interpretation of the "plane wave solution" of the wave 
equation a little further, note that u a (p\)e ipx carries both the Poincare indices (pX) and the 
Lorentz indices (x, a)." 

2 Quantum fields in a generic curved spacetime 
2.1 The problem of the concept of particles 

In the case of quantum fields in curved spacetime, the situation changes dramatically. We quote 
Kay [7]: 

"The main new feature of quantum field theory in curved spacetime (present already for 
linear field theories) is that, in a general (neither flat, nor stationary) spacetime there will 
not be any single preferred state but rather a family of preferred states, members of which 
are best regarded as on an equal footing with one-another. It is this feature which makes the 
above algebraic framework particularly suitable, indeed essential to a clear formulation of the 
subject. Conceptually, it is this feature which takes the most getting used to. In particular, 
one must realize that. . . the interpretation of a state as having a particular "particle-content" 
is in general problematic because it can only be relative to a particular choice of "vacuum" 
state and, depending on the spacetime of interest, there may be one state or several states or, 
frequently, no states at all which deserve the name "vacuum" and even when there are states 
which deserve this name, they will often only be defined in some approximate or asymptotic or 
transient sense or only on some subregion of the spacetime. 

Concomitantly, one does not expect global observables such as the "particle number" or the 
quantum Hamiltonian of flat-spacetime free field theory to generalize to a curved spacetime 
context, and for this reason local observables play a central role in the theory. The quantized 
stress-energy tensor is a particularly natural and important such local observable and the theory 
of this is central to the whole subject." 

And Wald [8]: 

"Major issues of principle with regard to the formulation of the theory arise from the lack 
of Poincare symmetry, the absence of a preferred vacuum state, and, in general, the absence of 
asymptotic regions in which particle states can be defined. . . 
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The particle interpretation/description of quantum field theory in flat spacetime has been 
remarkably successful — to the extent that one might easily get impression from the way the 
theory is normally described that, at a fundamental level, quantum field theory is really a 
theory of particles. However, the definition of particles relies on the decomposition of <fi into 
annihilation and creation operators. . . This decomposition, in turn, relies heavily on the time 
translation symmetry of Minkowski spacetime, since the "annihilation part" of <fi is its positive 
frequency part with respect to time translations. In a curved spacetime that does not possess a 
time translation symmetry, it is far from obvious how a notion of "particles" should be defined." 

2.2 Divergences 

In the conventional treatment, even in the case of free fields, there are divergences in the 
energy-momentum tensor operator, and the renormalized operator is only defined up to a finite 
renormalization ambiguity [7], [8]. 



3 Preferred reference frame 

3.1 Reference frame with separated space metric 

We now turn to a Hamiltonian formulation of quantum field theory in curved spacetime. It is 
based first of all on the selection of a reference frame with a preferred time coordinate, so that 
general covariance is broken. A relevant spacetime manifold is the product manifold: 

M spacetime = ytime x ^space M 3 p — (t,s) t G T, S G S (3.1.1) 

and metric is of the form 

g = g to°*dt ®dt + g spacc g spacc = -h (3.1.2) 

or 

ds 2 = g 00 (dx ) 2 + gijdx l dx 3 g^ = -h i:j i,j = 1, 2, 3 (3.1.3) 

where h = (hij) is a Riemannian metric on S. Thus, a selected reference frame is time- 
orthogonal [16], or that with a separated space metric. 

Note that the choice of spatial coordinates is in general immaterial. 

3.2 Static spacetime 

The first case when metric is of the standard form (3.1.2) is that of a static spacetime, where 

/ me = / me (s) h = h{s) seS (3.2.1) 

or 

9oo = goo((x 1 )) h i:i = M(^)) (3-2.2) 
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3.3 Synchronous reference frame 

The second case with metric of the standard form (3.1.2) is that of a synchronous reference 
frame, where 

g timc = l h = h t (s) (3.3.1) 

or 

</oo = l hij = hijdx")) /i = 0,1, 2, 3 (3.3.2) 

3.4 Preferred reference frame 

The selection of a preferred reference frame amounts to the choice of a time coordinate. In 
the case of a static spacetime, the choice is unique. But in the case of a synchronous reference 
frame, the choice is by no means uniquely defined. In that case, the uniqueness is achieved by 
the condition that the time t be that of simultaneous quantum state reduction, i.e., quantum 
jumps over all the space S. This condition defines a reductive reference frame. 

Thus, a preferred reference frame is either related to a static spacetime or is a reductive 
reference frame. 

3.5 Energy- momentum tensor and Hamiltonian 

In semiclassical gravity, the energy-momentum tensor is defined as 

T = (V,fv) T; = (tf,Tjtf) (3.5.1) 

where T is the energy-momentum tensor operator and \I/ is a state vector. 
The Hamiltonian 



s 

where 



= J V T ° (3.5.2) 



J V = J V spac ° ■■= J \f\h\<?x \h\ = det(h l3 ) (3.5.3) 
s s s 

The next problem in the Hamiltonian formulation of quantum field theory is this: Being 
based on the equivalence principle, to construct the operator T for free fields in such a way 
that the Hamiltonian be of the form 

H t = Y, UJ rn{t)ala m (3.5.4) 



4 Scalar field 

4.1 Energy- momentum tensor and Hamiltonian 

For a real scalar field ip, the energy-momentum tensor is of the form 

Tixv = WW - t^m^WW + -g„vM 2 (p 2 (4.1.1) 
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so that for the metric (3.1.3) 



The Hamiltonian 



H 



V T o =7; I V [^V oV?,o - V? A„ p + M V] 



where A fe is the Laplacian on 5: 



(4.1.2) 
(4.1.3) 

(4.1.4) 



4.2 Space modes and field operator expansion 

Introduce space modes / as solutions to the equation 

A h f = -k 2 f f = f(s,t) k 2 = k 2 (t) 

with the conditions 

j V fmfm' = 5 mm / 

(k 2 m -k 2 m ) J 7] f m f m , = 

For the field operator (in fact, operator- valued distribution), we put in the Schrodinger 
picture 



(4.2.1) 

(4.2.2) 
(4.2.3) 



4.3 Inert ial time derivation 

Now we switch from time derivatives (• • to inertial time derivatives (• • -) : o: 

/ s switch / s 
V ■ -),0 V ■ •):0 



(4.3.1) 



The inertial time derivation is an implementation of the equivalence principle by means of an 
imitation of the derivation in inertial reference frames in flat spacetime. 

For the scalar field (2.2.4) in the Heisenberg picture, the inertial time derivation is defined 

by 

-J m a m ] + ( — =/* a; 



:0 \V~m / :0- 



a/2 \ \/^n, 1 ,, \ \/^Y 

, fm&mj = — iy^OO^m [ ~= 

U m / .„ \ \/LO r , 



:0 



/Ur. 



f* (7 t 



'LOr. 



' mm 



so that 



V?:0 = 1 



900 Yl A7 [-UmfmCLm + UJ m f m a m ] 



(4.3.2) 

(4.3.3) 
(4.3.4) 

(4.3.5) 
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4.4 The Hamiltonian 

We obtain from (4.1.3), (4.2.4), (4.2.1), (4.3.5) 

H = \ J V [0°V:O0:O " <P&h<P + M\ 2 \ 

i x i r 

= 7 V] , / V [(-WmWm' + *&■ + M 2 ) (f m f m ,a m a m , + r m f*m>a ] m ^ m >) 

mm v 

+(u; m u; m > + k 2 m , + M 2 )(f m f^ n ,a m a i ml + f m f m '^ m a m >] (4.4.1) 

Put 

cu m = VM 2 + (4.4.2) 

then ; 

H = - ^2 ^m{a m a} m + al n a m ) (4.4.3) 

Normal ordering produces in the Schrodinger picture 

H s {t) = S ^uj rn a\ n a m a m = a mS (AAA) 

m 

In the Heisenberg picture, 

t 

a mH (t) = e-^a m al H (t) = e^al f3(t) = J u m (t)dt (4.4.5) 

o 

and 

H H (t) = H s (t) (4.4.6) 

4.5 Charged scalar field 

The energy-momentum tensor operator is 

Tp, =■ + 0]v0,» - g»vg aX y\ a W,\ + g^ v M 2 (p^ : (4.5.1) 

The Hamiltonian 

H = J 77 : \g°°$ <p.. -tfA h <p + M 2 $(p\ : (4.5.2) 

The field operator 

<fi = Yl ~F5= if™H+)™ + /m«(-)m] ( 4 - 5 - 3 ) 



' 2uv> 

m • m 



& = H 7^ [/ ™ a (+)™ + ( 4 - 5 - 4 ) 

m * m 

We obtain 

H H {t) = H s (t) = u rn(t) [aj_ )m a ( _ )m + a[ +)m a (+)m ] (4.5.5) 
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5 Vector field 

5.1 Energy- momentum tensor and Hamiltonian 

For a massive vector field A, the energy-momentum tensor is of the form 

Tfi V = \g»vF Xa F x ° - F*F vX + M 2 (A,A U - \g^A x A x ) (5.1.1) 

where 

FflV = — A^.y = Ay^ — A^y (5.1.2) 

so that for the metric (3.1.3) 

T ° = l -[A^ - M 2 A^\ - l -[A Qtl F m - M 2 A A°] - \a^ (5.1.3) 
The Hamiltonian 

H 



Jvtf (5.1.4) 
J rj A^F** = -Jr, A 3 ^=(V\h\F^, (5.1.5) 



J V A ,F 10 = -jn A ^=(^\h\F 10 ), (5.1.6) 



We have 



and 

I nA.,F 10 = - [ riA n -^ 

With the standard metric (3.1.3), (l/VW)(VW)-F y ),i is a 3-vector and (1/ ^\h\)(^\h\)F 10 ) yl 
is a scalar, so that (1/ \/\h\)(\/\h\)F l ^),i makes sense. 

5.2 Field operator expansion 

Put 

1 3 

m V m n=1 

where the space modes / m are defined as in Subsection 4.2, and 

e mn = e mn( s ,t) 71=1,2,3 (5.2.2) 

are the polarization vectors; in components 



1 3 

A^ = ^= ^[/tnCmnfiflrati + fm e mn^lnn] (5.2.3) 



n=l 

with orthonormalization conditions 



Cmri/^C mn / — ^uti' (5.2.4) 
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5.3 Inert ial time derivation 

Introduce inertial time derivatives: 



1 \ / i 

-fm&mnQ'mn I ^-yj QoO^m I , fm^mn^mn I (5.3.1) 



( —7=fm e mn^lnn) ~ ^VdOO^m ( -=/»C«L J (5.3.2) 
V V ^m / ;0 V / 

'-jrrfimrfi'mn I = — dOO^m I fm e mn^mn I (5.3.3) 



^m / :00 \y^m 



' :/m e mn«L J = ~0 00^ m ( ^=/>^ n aL) ( 5 - 3 - 4 ) 



m / -00 \ v^n 

In flat spacetime, the equations 

F 1 ^ + M ^ = (5.3.5) 

and 

A% = (5.3.6) 

are fulfilled. So we put 

F% + -^—(^/\h\F l ^) tl + M 2 A» = (5.3.7) 



1*1 
and 

A° :0 + -J=(v/lfcf^% = (5.3.8) 



Finally, we put 

[(•• -Uo =:(•• -bo = (•• 0:o,i :=[(--0:ob (5-3-9) 

5.4 The Hamiltonian and constraints on the polarization vectors 

The Hamiltonian (5.1.4) works out to be 

H = \ jr, {g°°mA,). m - (A») :0 (A,) :0 ] + g^MKMo ~ (A%A }} (5.4.1) 

Now 

1 / \ 1/2 

9°° : [>(i,):oo - (A'UAM : = ^£(^J 

mm' ^ ' 

x $^{-([(^rn + ^)/;/ m 'e^e m ' B >«L« m '»'] + [• • -] f ) 

nn' 

+([(uj m - w m ')/ ra / ra 'e™e raV)1 «„fl ra v] + [• • -] f )} (5.4.2) 
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and 



:[A l (A ) :0 -(A%A }: = i^Y,-r== 

mm' v 

x ^ ^ {[(^W — ^m) fm' fm e m 'n' e rnnOQ'm'n'Q>mn 
nn' 

+(u m > + u m )f ml f^e l m , n ,e* mnQ a) mn a m , n ,} - [• • -] f } (5.4.3) 

Impose constraints on the (e mn ): 

e mn^ e mn' = $nn' (5.4.4) 

- iv^oo^m/ m e^ n + — ]=(^/\h\f m e l mn ) tl = (5.4.5) 
V\ h \ 



(u m ' y ?7 V9oo9°° ,ifm> f m e m , n ,e mn0 = (5.4.6) 

1 17 v^T, J^eU^no = (5.4.7) 

(W m - W m #) y 7? fmjm>Z mn Zm'n'p, = (5.4.8) 

y V fUm'eZfim'K'v = for mV m (5.4.9) 

jvfmfm = l (5.4.10) 

Equations (5.4.9), (5.4.10) and (5.4.4) imply 

y V fmfm'e mn e m'n'n = -8 mm >6 nn/ (5.4.11) 

Then the Hamiltonian 

H H (t) = H s (t) = ^w^)^^ (5.4.12) 

m n 

5.5 Massless vector field 

We use the radiation gauge: 

A = (5.5.1) 

Then n = 1, 2 and 

eL = (5.5.2) 
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6 Dirac field 
6.1 Flat spacetime 

In flat spacetime, the energy-momentum tensor is of the form 

T a p = \{mi(aid^} + [• • •]*} a, (3 = 0, 1, 2, 3 (6.1.1) 
Here 7 a are Dirac matrices that satisfy the anticommutative relations 

{ 7 Q ,/} = 27] aP rj = diag(l, -1,-1,-1) 7 0t = 7 ° 7 at = - 7 a a = 1,2, 3 (6.1.2) 

( a ---p)=a---p + p---a (6.1.3) 

$ = ^ f 7 ° (6.1.4) 

The Dirac equation reads 

i 7 >, Q -M^ = (6.1.5) 



6.2 Curved spacetime 

The curved spacetime generalization of the above formulas is given by the following replace- 
ments [2]: 

7 a -7" = W A* = 0,1, 2, 3 (6.2.1) 
d a - V M = + T M (6.2.2) 



where 



Now 
and 

Write (6.2.7) as 

where 
specifically, 



{y, 7 "} = 2«r (6.2.3) 

r, = sa/3 = ^7°, V 9 ] (6-2.4) 

= ^ (6-2.5) 

V£ = Vg } {V (q) : a = 0, 1, 2, 3} is a tetrad (6.2.6) 

TW = i{[^(7^)M + [-"] t } ( 6 - 2 - 7 ) 

iy%-0 - = (6.2.8) 

^ = ^(^ + 4^ (6-2.9) 

^=7°[VV,)] = ^ (6.2.10) 

Koo = 2 7 7o iV (6.2.11) 
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6.3 Standard metric 

We now turn to the case of the standard metric (3.1.3). Put 

Vj, = J = 1,2,3 

Then 

„.0 t/0 ..0 -.0 . -.0 ^,«=0 [T/0 l 

7 = ^(0)7^ ID ■= 7Dirac = 7 [V(0)J 

The Hamiltonian 



so that we are interested mainly in 



with K 00 given by (6.2.11). 



6.4 Inertial time derivation 

Introduce an inertial time derivative: 



„ switch „ 

V > V; 



Since 

V = d + r 

we consider 

a switch 
— ► o :0 

In the spirit of the inertial time derivation, we take 

d..o9 00 = 9 00 d..o y-.og 00 = s 00 v :0 

and, accordingly, put 

t ° = v f e> 

where 

©8 = \[(9°°Koo) + (9 00 K 00 y) [6°]t = ( 

fT 00 = 27°7 iV :0 
The next step is as follows. With (6.2.8) in mind, we put 

iV :0 = (7°)~ 1 [7 / (-iV/)+M] 

so that 

^oo = 2 7 °7o(7°)" 1 [V(-ivO + M] 

Now, 

„.0.. ^,0\-l t/0 „ _.o 
7 7ol7 ) = V(o)9oo1d 
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and 

g 00 K 00 = 2V r ( 0)7 S,[ 7 , (-iV,) + M] (6.4.11) 

Note that with (6.4.8) the relation (6.4.4) does not hold; it was introduced only to arrive 
at the expression (6.4.6). 
We obtain 

(g 00 K 00 y = 2 7 ° [V(-iv,) + M]VJ } (6.4.12) 

so that finally 

= \l° D [{V^l\ -iV,} + 2V^M] [V ( 0) ] 2 = g 00 (6.4.13) 
where {•••,•••} is an anticommutator. 

6.5 Space modes and field operator 

Introduce space modes by the equation 

©o/m = -Em/m fm = fm(s,t) E m — E m (t) (6.5.1) 

and ort honor malize them according to 

J V fln'frn = 2u m 5 m > m (6.5.2) 

u m = \E m \ E m ^0 (6.5.3) 
i = Y\ ^=f m [d{E m )a m + 9(-E m )Pj (6.5.4) 
^=Y1 ^^fL[0(E m )al + 6{-E m )b m \ (6.5.5) 



where 
Put 



6.6 The energy-momentum tensor operator and the Hamiltonian 

The energy-momentum tensor operator is 

f, u =:^(K, u + Kl v )^: (6.6.1) 

where K^ v is given by (6.2.10) with the switch (6.4.1), (6.4.8). 
The Hamiltonian 

H = J 77 : f ° := J 77 : ^0°^ : (6.6.2) 
with 0q given by (6.4.13). We have 

e° o fm0(±E m ) = 9(±E m )E m f m = 9(±E m )(±u; m )f m (6.6.3) 
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so that 

H = J2^ m [0(E rn )ala m + 6(-E m )P m b m ] 

m 

E m = E m (t) u m = u m (t) H = H t 
H H = H s = H t 

6.7 Reductive reference frame 

In a reductive reference frame, we have 

200 = l g 00 = l Vg } = l 



so that 

and 

Consider 

Introduce 

Thus 
We have 
or 

which implies 

Thus 

and 



e^T&IgW-iViHM] 



H]' = [-\W,-^i} + Mh° D = e° 



7>:=-{y,-iV,} ^ = -7? 



[00] 2 = <p]<p +M 2 

[©o] 2 /m = E m f m 

V*Vf m = {El - M 2 )f n 
El, - M 2 > 



'P^'Pfm — k m fm 



(6.6.4) 

(6.6.5) 
(6.6.6) 



£4 = M 2 + A£ £ m = ±a;. 



m - J -"'m 



= VM 2 + 



(6.7.1) 
(6.7.2) 
(6.7.3) 
(6.7.4) 

(6.7.5) 

(6.7.6) 
(6.7.7) 
(6.7.8) 
(6.7.9) 
(6.7.10) 
(6.7.11) 
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6.8 Diagonal space metric 

Let a space metric be diagonal: 

^spacc = J^gudx 1 <g> dx l = - h u dxl ® dxl = ~ h (6- 8 - 1 ) 
i i 

Then the vectors d/dx j , j = 1,2,3, are mutually orthogonal: 

and it is expedient to choose tetrad vectors along them: 

(V(o):a = 1,2,3) = (V U) : j = 1,2,3) (6.8.3) 

V U) = V{ 3) A (no Y) K)? = h " HV U) , V (r) ) = 5 jr (6.8.4) 

3 

Now we have 

(V (a) : a = 0, 1, 2, 3) = (%) : // = 0, 1, 2, 3) (6.8.5) 

V00 = K)^ ( no D [%] 2 = l^l 2 V)) = V* (6-8-6) 
From (6.2.4) follows 

r M = (6.8.7) 

so that 

V, = d, d ^ a (6.8.8) 

Next, 

l l = V l {l)1 l D (no Y) K? = h U (6.8.9) 
i 

For a reductive reference frame with a diagonal metric, 

@o = 7d(^ + ^) (6.8.10) 

V = ±\YlD{ShF l ,-idi} (6.8.11) 

7 Massless Weyl field 
7.1 Flat spacetime 

Let us briefly review the massless Weyl field. In flat spacetime, the energy-momentum tensor 
is of the form 

R,L 



T a /3 = ^ T Ha /3 (7-1.1) 



H 
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T H af5 = ^p ] H {[a {a P H id p) } + [• ■ -}^ H 

Here 

Hand =: H = R, L : = Right, Left 
a a , a = 1,2, 3, are the Pauli matrices, a° = I, 

P L = 1 P R id = id P R id a = -\d a 

The equation 



a a {P„id a )^„ = 



holds. 

7.2 Curved spacetime 

The energy-momentum tensor 



R,L 



H 



where 

Equation (7.1.5) is replaced with 

^{P H iV^ H = 

7.3 Standard metric and inertial time derivation 

The switch from V to V :0 is 

P^iVo S ^ h PniV :0 = ((7°)-VP ff (-iV,) 



The Hamiltonian 



and 
where 



R,L 
H 

H H = J V T° m 



T° H0 = ^lOir 



e m = ll(g 00 K m o) + (g 00 K mo y] 

K H0 Q = <7(o^iV : o) = 2a {a°)- 1 a l P H {-i\I l ) 
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7.4 Space modes, field operators, and Hamiltonian 

The equation for space modes is 

^>°HofHm = E Hm f Hm u Hm = \E Hm \ (7-4.1) 

Field operators are 

E Hm ¥=0 

i>H= -^=fHm[0{EHm)a H m + 0(-E Hm p s J (7.4.2) 



where 



The Hamiltonian is 



R,L 



H = Y j Hh (7.4.4) 

H 

UHm(a Hm a H m + b Hm bHm) (7.4.5) 

m 

8 On quantum field state vector 

8.1 The Einstein equation in semiclassical gravity 

In semiclassical gravity, the Einstein equation reads 

G- Ag = 8vrx(^,T^) (8.1.1) 

where G is the Einstein tensor, A is the cosmological constant, x is the gravitational constant, 
and ^ is a state vector. 

8.2 Constraints on state vector 

We consider a family of quantum fields, 

$ = {v3,A,Vv} (8.2.1) 

for a given metric g. So (8.1.1) may be written as 

(G-Ag)ig] = 8nx^,fmg],gW) (8.2.2) 

where [g] means a dependence on metric and its derivatives. This equation imposes constraints 
on Here are two examples. 

If g describes a vacuum spacetime, then ^ = ^vac- 

If a spacetime is static, then \1/ is stationary: = E^. 
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9 The universe 

9.1 The closed universe 

We consider the closed universe. Cosmic space is a three-sphere: 

^spacc = ^cosmic = ^3 = . fc = 1?2 ,3,4, = 1} (9.1.1) 

k 

Introduce the radius of the universe, R(t). We have for the space volume 

V(t) = J r l = J \ h t\d 3 x (9.1.2) 

Put 

R : = (V/27T 2 ) 1 / 3 R = R(t) (9.1.3) 

and 

/it = R 2 (t)w t J \] m = J y^l^x = 2tt 2 (9.1.4) 

s 3 

Now 

g = dt®dt- R 2 zu t ds 2 = dt 2 - R 2 w ij dx i dx j (9.1.5) 
Thus, we have a reductive reference frame. 

9.2 Scalar and vector fields 

The equation for space modes (4.2.1) takes the form 

^A ro / = -k 2 f (9.2.1) 



or 



A w / = -P/ (9.2.2) 
g 



= tJit (9-2-3) 



Thus 



u m (t) = \l + (9.2.4) 



9.3 Dirac field 

We have 



e° = 7 °(P + M) p = i{V,-i V J (9.3.1) 



where 



i l = v l {a)1 a v, = a + r, r^^y.T 6 ]^^ 0,6 = 1,2,3 (9.3.2) 
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Now, 
and 

so that 
Thus, 



Now (6.7.10) reads 



h jn v {a)j v (b)n = h jn v; a) v? b) = S ab 



h jn = R 2 w jn h jn = ^w jn 



V=—Q 

Q = ^H)7 fl ,-i(ft + ^[7°7 6 ]«J )«(W,i)} 
1 



R 2 



Q Q fm kmfm 



or 



Q^Qfrn — kmfi 



k 2 m (t) = 



mJm 
h 2 



R 2 (t) 



so that 



El{t) = M 2 + -^- E m = ±co rn u m {t) = \M 2 + '"" 



9.4 Massless Weyl field 

We obtain 



K H00 = ^vl^Pui-iV^ a a = a« auli 



R 



HO — ~f>^ H 



where 

Now (7.4.1) reads 
so that 



~ H = a a {v l (a) ,P H (-iV l )} 



-j^HfHm — E Hm f„ 



Eum — ±WHm ^Hm(t) — k Hrn > 
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9.5 The FLRW universe 

Now consider the Friedmann-Lamaitre- Robertson- Walker model of the universe. The Robertson- 
Walker metric is of the form 



ds 2 = dt 2 - R 2 (t) 

It is diagonal with 

w = 

1 — r 



1 — r l 



(9.5.1) 



w = -^— +r 2 (d6 2 + sm 2 ed V 2 ) (9.5.2) 



independent of time. 

Here the quantity k m is time independent for all fields. 

9.6 Cosmological redshift 

For all fields, the result 



w m (f) = \l M 2 + (9.6.1) 



R 2 (t) 



has been obtained. Specifically, for photons 



= W) (9 - 6 - 2) 

which represents the cosmological redshift. What is essential, is that the result has been 
obtained in the context of quantum field theory. 

10 Black hole spacetime 
10.1 The Schwarzschild metric 

In this section, the Schwarzschild black hole is considered. The Schwarzschild metric is of the 
form 

ds 2 = (1 - r s /r)dt 2 1 —— dr 2 - r 2 (d9 2 + sin 2 6d V 2 ) (10.1.1) 

1 — rs/r 

where r s = 2M S is the Schwarzschild radius. Introduce dimensionless quantities: 

t ~ t , , ds 2 
r = — t = — ds 2 = -=- 10.1.2 

rs r s r% 

ds 2 = (1 - l/f)dP - - \i~ dr 2 - r 2 {d6 2 + sin 2 6dip 2 ) (10.1.3) 

This metric is static and diagonal. It has a physical singularity at f = 0, which is unavoidable. 
In addition, it involves a coordinate singularity at f = 1, though < f < oo. To eliminate the 
latter, we have to introduce a synchronous reference frame. 
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10.2 Complete synchronous reference frame 

We will use a complete synchronous reference frame [17] which is defined as follows. Metric is 

ds 2 = dr 2 - e x ^dg 2 - r 2 (r, g)(d9 2 + sin 2 6d(p 2 ) (10.2.1 



where 



r = -tq 
2 b 



r = -r s 



^1 +1 

rs 



rs 



[1 + cos 77) 



rs 



3/2 



(77 + sin??) 
[2(1 + cos??) 2 + 3(sin ??)(?? + sin??)] 2 



(1 + cos??) 2 
— tt < ?? < tt — 00 < f? < 00 
and it is implicit that (10.2.3) determines 

V = v(t, g) 

Since a change 

, x change , , 

(f,r) — ► (r,e) 



(10.2.2 

(10.2.3 

(10.2.4 
(10.2.5 

(10.2.6 
(10.2.7 



is made, the variable rj may be regarded as representing the variable t. 

With — 00 < g < 00, the reference frame under consideration involves two black and two 
white holes. To reduce this to only one black and one white hole, we make a change 



change & 2 

Q ► ? = Q 



Introducing dimensionless quantities 



T 



f = - i = g 2 =[- 



rs 



rs 



'10.2.8 



'10.2.9 



we obtain 



ds 2 = dr 2 - —Al 2 - r 2 [dQ 2 + sin 2 Bdtp 2 ) f > f > 



r = -(£ + !)(! + cos??) 



f = ^~+l) 3 / 2 (?? + sin??) 



1 ,r 



e A = T(£ + l) 



[2(1 + cos??) 2 + 3(sin7?)(7? + sin7?)] z 



with 



(1 + COST)) 2 
— tt < rj < tt 



(10.2.10 

(10.2.11 
(10.2.12 
(10.2.13 

(10.2.14 
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In addition to the physical singularity at r = 0, the metric (10.2.10) has a coordinate 
singularity at £ = 0, but the latter is unessential as £ = is a boundary point. 
From (10.2.12) and (10.2.14) it follows that 



l>*(|f|- 



2|f| 



7T 



2/3 



10.3 Geometry of spacetime 

Let us analyze the geometry of the spacetime with the metric (10.1.3), (10.2.10), 



(1 - l/r)dP 



-df 2 = df 2 ~d£ 



1 - 1/f 



4£ 



(1) r = const 
(10.3.1) reduces to 

di= (l + i/iy^df f±\ 

with | = |(f, r) via (10.2.11), (10.2.12). 
Let 

Tj = IT — 5 5 <^ 1 f > 1 



then 



r = \(i+l)S 2 f = l) 3/2 (vr - 5 3 /6) £ » 1 



-f(£-l) :V2 -/ 



2 Q 

3 f 



and 

Let 
then 

and for f > 1 



h-h = h-h + \(^)"^ 3 -fl 13 ) f»i 



r] < 1 



f = (| + 1) (1 - r, 2 /A) » | + 1 f = (| + l) 3 / 2 ^ 



| = f - 1 > f 2 - h = (1 + l/0 1/2 (f 2 - n) 



T 2 ~ Ti 

f3/2 



< 1 



(2) £ = const 
(10.3.1) reduces to 



dt = 



r — 1 



1/2 



1 + - 



1 -2 -i 1/2 

r 1 sin r] 



Let 



f — 1 1 (1 + COST)) 2 

T] < 1 



(10.2.15) 



(10.3.1) 

(10.3.2) 

(10.3.3) 

(10.3.4) 
(10.3.5) 

(10.3.6) 

(10.3.7) 
(10.3.8) 

(10.3.9) 



(10.3.10) 
(10.3.11) 
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then 

Let 
then 



dt 



1/2 



1 + 



-f 2 



df 



r = l + w < u> < 1 



(10.3.12) 
(10.3.13) 



t = f~i + log^ w = w 1 --(£+l) 1 ' 2 
w 2 



so that 



w = Wi 



1 - 

t = ti + log 



(r - fi) =: ?ui - — j-(f - fi 



ro(0 



1 - (f - fO/fotf) 



i — > oo for r — > fi + tq(£) 



(3) r = const 
(10.3.1) reduces to 



dt 
Let 
then 



1 / r 



4 V f - 1 



1/2 



f £ + 1 



f-1 £ 



1/2 



2(1 + cosi]) 2 + 3(sin 77) (77 + sin 77) ~ 



1 + COS J) 



77 < 1 r > 1 



r 

dt= ^ 



4|(|+l)2-f 2 



1/2 



10.4 Quantum fields 

For scalar and vector fields, we obtain the Laplacian 



A f<V = A C + ~2 A ^ f = C0I1St 



where 



_ r 2 df 
^72 



^ f 2 e A/2 9 | 

Formulas for spin-1/2 fields may be obtained straightforwardly. 
A state vector complying to vacuum spacetime is the vacuum one: 

\T/ — \T/ 

^- ™ va n 



(10.3.14) 
(10.3.15) 
(10.3.16) 



d£ (10.3.17) 

(10.3.18) 
(10.3.19) 



(10.4.1) 



(10.4.2) 



(10.4.3) 



There is no ambiguity here since quantum fields are constructed in a preferred reference frame. 
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11 On interaction 



11.1 Divergences 

There are two primary sources of difficulties in quantum field theory, specifically in scattering 
theory, which manifest themselves in divergences: 

(1) Fields as operator-valued distributions rather than functions. 

(2) Perturbation theory, specifically the Dyson expansion, the expansion of the Green func- 
tions, and the expansion in path-integral methods. 

A field at a fixed x is not an (unbounded) operator. The expression e~ lHt makes sense only 
if H is an (unbounded) selfadjoint operator. For free fields, this does not give rise to difficulties, 
but for interacting fields the difficulties are well known. 

If H is an unbounded operator, the expansion of e~ lHt in the powers of (—iHt) may be 
incorrect [18]. 

11.2 Cutoff 

The simplest way to transform a field into an operator is to introduce cutoff for space modes: 

fm - /mCW (H.2.1) 

There is a possibility to introduce ((ui m ) in a natural way. Introduce the smooth function 

( 1 for x < 1 

ri(x) = l 1 -exp{e~7(l - x)} for a; > 1 (11.2.2) 
y for x = oo 

and 

«»>-'(£ + £) ™ 

where x is the gravitational constant (x = tp, tp is the Planck time) and A is the cosmological 
constant. We have 

xA 2 <cu 2 <l/x (11.2.4) 
i.e., both an ultraviolet and an infrared cutoff. For special relativity, x — > 0, the cutoff vanishes: 

0<u 2 <oo (11.2.5) 

11.3 Product dynamics 

As long as the Hamiltonian is an (unbounded) selfadjoint operator — due to the cutoff — it is 
possible to use product dynamics [18-20] . It is this: 

*(* 2 ) = #(*2,*i)*(*i) (H.3.1) 
U(t 2 ,t 1 ) = Te^^-ij^H(t)dt^, H\t) = H{t) (11.3.2) 
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T exp j-i H(t)dt} = lim e -m2-At/N)At/N e -iH(t 2 -2At/N)At/N . . . e -iH(tx)^/N ^ ^ 

At = t 2 -t 1 >0 



Now 



frfah) =Ttexp|i^ <2 #(t)^| = \im e i ^) A */iV... e iH(t 2 -At/ivr)A i /JV (1L34) 

so that 

U\t 2 ,t x )U{t 2 M) = U{t 2 M)U\t 2 ,t x ) = I (unitarity), U\t 2 ,t x ) = U(t u t 2 ) (11.3.5) 

This approach is better than the Dyson expansion [18-20] (in the sense of convergence, not 
computability). 
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